Process Systems Engineering

Large-Scale DAE Optimization Using
a Simultaneous NLP Formulation

A. Cervantes and L. T. Biegler
Dept. of Chemical Engineering, Carnegie Mellon University, Pittsburgh, PA 15232

The differential-algebraic equation (DAE) optimization problem is transformed to a
nonlinear programming problem by applying collocation on finite elements. The result-
ing problem is solved using a reduced space successive quadratic programming (rSQP)
algorithm. Here, the variable space is partitioned into range and null spaces. Partition-
ing by choosing a pivot sequence for an LU factorization with partial pivoting allows us
to detect unstable modes in the DAE system, which can now be stabilized without
imposing new boundary conditions. As a result, the range space is decomposed in a
single step by exploiting the overall sparsity of the collocation matrix, which performs
better than the two-step condensation method used in standard collocation solvers. To
deal with ill-conditioned constraints, we also extend the rSQP algorithm to include
dogleg steps for the range space step that solves the collocation equations. The per-
formance of this algorithm was tested on two well known unstable problems and on
three chemical engineering examples including two reactive distillation columns and a
plug-flow reactor with free radicals. One of these is a batch column where an equilib-
rium reaction takes place. The second reactive distillation problem is the startup of a
continuous column with competitive reactions. These optimization problems, which in-
clude more than 150 DAEs, are solved in less than 7 CPU minutes on workstation class
computers.

Introduction

We consider the general differential-algebraic equation point conditions
(DAE) optimization problem

H[z(t,). (1) u(ty).1,,p]=0 4
min e[ z(tr) y(1r) ulty) 1y p]
20), y(),ult). 1y, p bounds
s.t. DAE model F<z(ty< 2
L<y(ry<yY
dz(1) yrEy() <y
F T,z(t),y(t),u(t),t,p =0 e)) W <u(r)y<u®
pL < P < pl/
Glz(1), y(1),u(t),p] = 0 &) (st ®)
initial conditions where ¢ is defined as scalar objective function, F differential
equation constraints, G the algebraic equation constraints (we
z(0)=z" 3 assume these are formulated to index one), H, the additional

1038 May 1998 Vol. 44, No. 5 AIChE Journal



point conditions at times ¢, z the differential state profile
vectors, z" the initial values of z, y the algebraic state profile
vectors, u the control profile vectors, and p the time-inde-
pendent parameter vector.

This problem can be solved by applying a nonlinear pro-
gramming (NLP) solver to the DAE model. The methods
which use this approach fall into two groups, sequential and
simultaneous strategies. In the sequential strategy, an effi-
cient nonlinear programming strategy is coupled to an exist-
ing DAE solver. Sensitivities are obtained from this solver
and a small optimization problem is solved in the space of
the control variables and optimization parameters (see Vas-
siliadis, 1993, for a review of these methods). In contrast, the
simultaneous approach couples the solution of the DAFE sys-
tem with the optimization problem, and, therefore, requires a
large-scale optimization procedure.

Despite the need for large-scale algorithms, the simultane-
ous approach has advantages for problems with state variable
(or path) constraints and for systems where instabilities occur
for a range of inputs. In addition, the simultaneous approach
solves the DAE system only once, at the optimum point, and,
therefore, can avoid intermediate solutions that may not ex-
ist, are difficult to obtain, or require excessive computation
effort.

For solving simultaneous dynamic optimization problems,
successive quadratic programming (SQP) is often the method
of choice. Here, large-scale SQP methods for dynamic opti-
mization problems can be classified as full-space or reduced
space, and both have advantages for certain classes of prob-
lems. Full space methods are especially well suited for dy-
namic problems with many degrees of freedom (see, for ex-
ample, Betts and Huffman, 1992; Betts and Frank, 1994).
These methods take advantage of problem structure and the
overall sparsity of the problem. For this reason, analytic sec-
ond derivatives of the objective and constraint functions are
usually required and special precautions are necessary to en-
sure descent properties for this approach.

On the other hand, the reduced space approach (rSQP) is
easier to implement, but becomes inefficient when many de-
grees of freedom are present. With this approach, projected
Hessian matrices (or their quasi-Newton approximations) are
used and an efficient algorithm is constructed by decoupling
the algorithm into range and null spaces. This approach al-
lows us to incorporate Newton-based procedures instead of
direct equation based process models.

Tanartkit and Biegler (1995, 1996, 1997) have adapted a
simultaneous reduced Hessian successive quadratic program-
ming (rSQP) algorithm to an implementation that incorpo-
rates the DAE solver COLDAE (Ascher et al., 1994). In this
approach, COLDAE discretizes the state variables and lin-
earizes the DAEs at given points in the time horizon, using
orthogonal collocation on finite elements. The resulting ma-
trix of the linearized system is decomposed by COLDAE with
a two-step condensation method, obtaining a Newton step for
the state variables. Here, unstable modes can be detected and
appropriate boundary conditions are imposed in order to
perform a stable decomposition. Moreover, for the previous
and current studies we assume that the system (1-2) is index 1
without loss of generality, because there are several ways to
reformulate high index DAE systems to index 1. Neverthe-
less, the saturation of state variable bounds in Eq. 5 can still
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lead to high index systems for (DAE1). To handle these, we
rely on the stability properties of implicit Runge Kutta meth-
ods for higher order DAEs (see Brenan et al., 1996).

The search step for the discretized control variables and
parameters is then obtained by solving a quadratic program-
ming (QP) problem. However, this implementation is limited
by the inability to handle large-scale problems, and this defi-
ciency is a result of the two-step condensation method in
COLDAE. Here the first step is performed by COLDAE
using LINPACK subroutines DGEFA and DGESL (see Don-
garra, 1979), which are dense linear system solvers. The
system solved during the second step is in almost block diago-
nal (ABD) form, and a modification of the sparse SOLVE-
BLOCK routine by de Boor and Weiss (1980) is used. The
main disadvantage of the COLDAE approach is that it does
not exploit the sparsity of the DAEs. For this reason, the
computational effort increases almost cubically with the num-
ber of DAE:.

The objective of this study is to implement a new strategy
for the decomposition of the linearized system of DAEs and
demonstrate its effectiveness on challenging process opti-
mization problems. We describe this decomposition and
apply COLDAE only to discretize and linearize the DAE
system. The proposed decomposition is performed in a new
rSQP subroutine with an efficient sparse matrix solver and a
new interface. We show how the unstable modes are de-
tected and eliminated automatically using the variables of the
original problem and by exploiting some aspects of the rfSQP
algorithm. This allows us to perform the decomposition with-
out the necessity of imposing additional boundary conditions.
A demonstration of this approach is presented on several ex-
amples. The resulting optimization approach leads to much
faster performance for process models with several hundred
DAEs.

DAE Optimization

The continuous time problem is converted into an NLP
by approximating the profiles to a family of polynomials on
finite elements. In this work, we use a monomial basis rep-
resentation (Bader and Ascher, 1987) for the differential
profiles. This representation is recommended because of
smaller condition number and smaller rounding errors. For a
first-order ordinary differential equation, this monomial rep-
resentation is

neol t—t_ 1\ dz
(t)=z_,+h 2 Q ( )“"‘ (6)
a1 o\ Rk Jadr,

13

where z;_, is the value of the differential variable at the be-
ginning of element i, 4, is the length of element i, dz/dy; , is
the value of the first derivative coefficients in element / at
the collocation point g, and (1, is a polynomial of order ncol,
satisfying

Q,(0)=0 for g=1,...,ncol

d
EQ"( p)=8,, for g=1,...,ncol
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where p, is the rth collocation point within each element. In
this work we use Radau points as they allow us to set con-
straints easily at the end of each element. The control and
algebraic profiles are approximated using the same monomial
basis representation which for a zero-order DAE takes the
form

ncol t—ti~1

y(O= L w(—;—)y )
g=1 !
ncol t—l,-‘l

u(t)= Z ‘llq( h. )ui,q (8)
g=1 i

where y; , and u; , represent the values of the algebraic and
control variables, respectively, in element { at collocation
point g. Here, ¢, is a Lagrange polynomial of order ncol
satisfying

and Biegler (1997) can also be applied directly. With this as-
sumption, substitution of Eqgs. 6 to 8 into DAE1 leads to a
nonlinear programming problem described below.

Reduced-Hessian successive quadratic programming
(rSQP)

It has been shown (Tanartkit and Biegler, 1995) that rSQP
is an efficient method for solving DAE optimization prob-
lems, especially when the dimension of the state variables is
much larger than that of the control variables (that is, few
degrees of freedom). rSQP also adds robustness to the solu-
tion procedure by performing local factorizations. This allows
us to detect ill-conditioning due to unstable modes and to
preserve and exploit the structure of the problem. The over-
all structure of our algorithm is shown in Figure 1. In the
remainder of this section we include the description of the
main components of our algorithm. Most of them are in-
cluded in the rSQP subroutine OPT developed by Ternet and
Biegler (1997). The nonlinear programming problem can be

¥, (p)=19,, (9)  written as
The differential variables are required to be continuocus mia”f (x) (10)
throughout the time horizon, while the control and algebraic re
variables are allowed to have discontinuities at the bound-
aries of the elements. In this work we assume that the num- st c(x)=0 an
ber of finite elements (ne) and their lengths are predeter-
mined, although the adaptive strategy described in Tanartkit xb<x<gaV (12)
Compute Jacobian and RHS
Li L ——— of discretized constraints
Inearization LSYSLV
Obtain a
Basis selection ~&— ponsingular matrix
MA28AD
Calculation of the Solution of a
dependent variables system of
(W) move € linear equations
MA28BD/CD
Calculation of th Solution of a
culation of the Quadratic Programmin
independent variables < roblfm s .
(V) move p rSQP subroutine
QPKWIK - OPT
Adjustment of Optimal
trust region solution J
Figure 1. Structure of the algorithm.
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where

T

x=|-——12;_1,¥ 4.4 4,1, p| (variable vector),

f:®R" >R and c:®R"-> R™
At each iteration k, a search direction d, is obtained by solv-

ing a quadratic programming subproblem created from Egs.
10-12

1
min  g(x,) dy +=dIB(x,)d, (13)
de ®R” 2
st. e+ Ad, =0 (14)
xt<x, +d, <xY (15)

where g is the gradient of f, B denotes the Hessian of the
Lagrangian function or a quasi-Newton approximation, A, =
A(x,) is the m X n Jacobian of the constraints at iteration k,
and ¢, = c¢(x,). The variables are partitioned into m depend-
ent (W space) and n-m independent (V' space) variables (ba-
sis selection in Figure 1). The independent variable space de-
fines the null space of A, while the dependent variable space
occupies the range space. Here the control variables and pa-
rameters are not necessarily the independent variables; this
will depend on the basis selection that we will discuss later.
With this partition, 4 takes the form

A(x) =[C(x)N()] (16)
where the m X m basis matrix C(x) is nonsingular. (If C(x)
is singular, dependent rows could be treated using the algo-
rithm presented in Schmid and Biegler (1993).) With this par-
tition, the search direction is written as
dy=Wipw +Vipy 17
where the matrix V satisfies

AV, =0 (18)

and we choose

V,=

—C(xk)—lN X, |7
| ( )] and Wk—[o] (19)

The range space direction p, can now be determined as

Pw = _[Aka]*lck (20)

and the null space direction p, is obtained from the follow-
ing reduced QP subproblem

1
. « T
min  (V,[g, + VkTBkapW) Pyt _PZI;(VkTBka)PV
pre ®R*"" 2
1)
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stoxt—x, ~Wepy <Vip, <x¥=x, Wepw (22)

The reduced QP subproblem is solved using the QPKWIK
algorithm by Ternet and Biegler (1997), which is an improved
version of the original one by Schmid and Biegler (1993). This
algorithm uses a dual-space solution procedure, which is par-
ticularly efficient for problems with many inequality con-
straints, most of them being inactive. Another important
characteristic of this subroutine is that the computational ef-
fort often increases quadratically with respect to the number
of degrees of freedom.

The new version incorporates a trust region, which restricts
the stepsize of d, to an area around x, in which we can trust
the Taylor series approximations to the Lagrangian and the
constraints. The addition of a trust region can improve the
convergence of the algorithm, especially when the 2nd order
information for the problem is poor. This implementation
adds a trust region constraint {|ld,|| < A, to Egs. 20-22, mov-
ing the search direction from a Newton step direction to a
steepest descent direction. The direction of the Wp,, step is
not affected by the trust region. Only its length changes, as
this step is generated before the solution of QP.

Linearization and the range space move

In order to obtain the Jacobian A of the constraints, the
discretized DAE system should be linearized. As mentioned
before, the Jacobian A is an m X n matrix, these dimensions
can be expressed in terms of the dimensions of the original
DAE system

n=(ne+1)Xnz-+ncolX(nz+ny+nc)xne+np (23)

m=(ne +1)X nz +ncol X (nz + ny) X ne + ne (24)

where nz, ny and nc represent the number of differential,
algebraic and control variables, np the number of parame-
ters, and na the number of additional point equality con-
straints.

This matrix takes the form shown in Figure 2, which is al-
most block diagonal. Here, I represents the identity matrix,
and D, is a matrix containing the coefficients of the continu-
ity equations in each element i. Z7, DZ#, Y4, U? and PA
represent the Jacobian of the collocation equations with re-
spect to z,, dz/dt; ,, ¥; ., u; , and p at collocation point g
and element i. The linearization of the collocation equations
is performed using a modified version of the subroutine
LSYSLV in COLDAE (Ascher and Spiteri, 1994), a well
tested algorithm for collocation on finite elements. The mod-
ifications in LSYSLV allow us to treat the control variables
as algebraic variables and to handle directly the nonsquare
Jacobian of the original DAE system. At the same time, the
linearized system is stored in sparse form. This subroutine
also obtains the righthand sides c(x) of all the constraints.

Before obtaining the range space move, the matrix ‘4
should be partitioned into C and N, where C has to be a
nonsingular and well-conditioned square matrix. Here we as-
sume that if C is well-conditioned it should yield a dichoto-
mous and stable system. This task is performed with the Har-
well subroutine MA28 and will be discussed in detail in the
next section.
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Figure 2. Discretized and linearized constraints.

We then perform a sparse LU factorization of C in one
step. Here, we do not exploit directly the almost block diago-
nal structure of the linearized system but we are exploiting
the sparsity of the matrices Z, DZ, Y, U and P, which have
the same degree of sparsity as the original DAE system. This
decomposition performs better for sparse DAE systems (as
we will show in the examples) than the decomposition in two
steps perform in COLDAE. The two-step decomposition ex-
ploits directly the block diagonal form of the linearized sys-
tem but not the sparsity of the DAE. Here, the LU factoriza-
tion is performed with the Harwell subroutine MA28, a well
tested sparse linear solver, and is shown to perform, at most,
quadratically with respect to the number of equations in
sparse systems. Similarly, a number of more recent sparse
codes could be employed very effectively (such as Davis and
Duff, 1997 (UMFPACK) or Duff and Reid, 1996 (MA48)).

Basis Selection

We consider the partition of A4 into columns

A=[A4, A, A, A, A4,)] (25)

where A,, A, A o A, and A p Tepresent the columns corre-
sponding to all z;, dz/dy; ,, y, 4, u; , and p respectively, at
collocation point ¢ and element i. For this system to have a
solution, the following partition must exist

[4. 4. A, 4, A]=[C N] (26)

with C square, nonsingular, and well-conditioned. A straight-
forward way to perform this partition is to define C and N as

NO
27

C=[4, A, A4,)]=C° and N=[A4, A,]=
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This means we set all the discretized control variables and
parameters as independent variables. However, this partition
of A works well only if the DAE system does not have unsta-
ble modes. In case the DAE is unstable, this partition will
give us an ill conditioned C matrix, leading to numerical
problems in the Wp, step. Tanartkit and Biegler (1996)
worked with this partition of A, but they showed that by im-
posing dummy final conditions, C? can be transformed into a
well-conditioned matrix. In their approach a new dummy
variable is added for each unstable mode in the DAE. In
order to solve this problem without imposing these final con-
ditions, we exchange some columns between C° and N°. Be-
fore getting into the details of this operation, we first discuss
the importance of C being well-conditioned.

Dichotomy and well conditioning

de Hoog and Mattheij (1987, 1989) investigated the rela-
tionships between the conditioning of a boundary value prob-
lem (BVP) and the growth behavior of its fundamental solu-
tion. They have shown that if the problem is moderately
well-conditioned, then the homogeneous solution space must
be dichotomic, which means that it can be split into a sub-
space of increasing modes and a complementary subspace of
nonincreasing modes. To illustrate this equivalence, consider
the first-order linear system of differential equations as dis-
cussed by de Hoog and Mattheij (1987)

lz=z—-Az=f, 0<t<1 (28)
subject to the following boundary conditions (BC)
Bz=Byz(0)+ B,z(1)=b (29)

This BVP has a unique solution if and only if B’Y is nonsin-
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gular, where Y is any fundamental solution of I'. The solu-
tion to this problem is

2(1) = V(1) BY(0) + BF()] b+ ['G(t,5)f(s)ds
0
(30)

where G is the Green’s function of the problem.
A problem is strongly dichotomic if there exists a constant

x and a projection P matrix such that for a fixed fundamen-
tal solution Y

Y(£)PY"'(s)l<k, t=5, (31)
IP(t)(I-P)Y (s)<k, 1<s. (32)

For a BVP with separable boundary conditions, « is defined
by

suplG(t,s)l
s
and the projection matrix provides the dichotomic subspaces.

It can be shown that if a fundamental solution satisfies (Eqs.
31 and 32). then there exist matrices B, and B, so that

llzll, < BIBz|+ a&llGzll, (33)
with

B<V2k, a=<«k+4k? (34)

Bz = Byz(0)+ B,z(1) (35)

where the boundary conditions are scaled such that
B\B+ BB =1 (36)

These conditions for boundedness and stability of the BVP
are also achieved when the BVP is discretized and solved as
a linear system with a well-conditioned C matrix. Conse-
quently, we can make the equivalence of well conditioning
and dichotomy from both linear algebra and functional analy-
sis perspectives.

Detection of ill-conditioning

If an unstable mode is present in the DAE, A is required
to be partitioned so that the end conditions of any increasing
mode are fixed or become decision variables. Here, if a dif-
ferential variable z/ has an increasing mode, either zj,
or dz'/d,, ..., could be specified and this would correspond
to a column of N. Correspondingly, a column corresponding
to a control variable or a parameter would be added to C.
Here we see that specifying the variables that span the
columns of N is equivalent to solving the corresponding dis-
cretized, linear BVP.

To partition into the C and N matrices, the detection for
good conditioning is performed by (the necessary condition
of) selecting a pivot sequence for the LU factorization of the
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A matrix (see Duff et al., 1992). As we are solving a DAE
system using an LU factorization, it is important to recon-
sider the error analysis in this algorithm. LU factorization
with partial pivoting is equivalent to solving the system (A +
E)X = b exactly, where

IEl.. < 8ndll All.v + O(»?) 37
T
WS32anKm(A)+O(V ), (38)

v is the machine precision v =107° and the growth parame-
ter p is defined as

~(k
@l

Il All.

(39)

= max
ij.k

Two issues of concern are the values of x,(A4) and p. The
first constant can be bounded by scaling rows and columns,
although this was not necessary in this work. Also, in prac-
tice, p is usually of order 10 but can be as large as 2"\ In
our work, an excessive growth parameter was not encoun-
tered, but it can be handled by applying complete pivoting or
using iterative refinement.

The objective of the pivot selection is to minimize the fill-in
during the factorization, but also to achieve numerical stabil-
ity. Here, we use the Harwell subroutine MAZ28 for the selec-
tion of the sequence. This subroutine uses Markowitz’s order-
ing strategy with threshold pivoting for numerical stability.
That is, it will choose a;; as pivot if it minimizes the quantity

(ri=D(¢; = 1) (40)

over all entries of the reduced matrix that satisfy the inequal-
ity

la$P] = & grlaflaﬁf‘)i (41)

where r; is the number of entries in row i of the reduced
matrix, ¢ is the number of entries in column j and # is a
preset and fixed parameter in the range 0 <4 < 1.

Equation 41 therefore allows us to select columns from A4,
and A, to replace the unstable modes of the DAE, by select-
ing a pivot sequence with numerical stability. Moreover, mod-
ification of this strategy also allows us to restrict the variables
that can be selected as independent. For example, the index
one algebraic variables y can always be selected as depen-
dent variables as they are already associated with the modes
of the differential variables. This restriction is added by sim-
ply multiplying the desired columns by a sufficient large num-
ber. In this way, MA28 will automatically set a pivot in those
columns (of A4 y) and choose these variables as dependent. In
the next section, we present some examples in which this kind
of scaling could be useful.

Choosing good pivot sequences is a necessary condition for
obtaining a well-conditioned C matrix. Nevertheless, we also
need to consider the possibility of C still being ill-condi-
tioned after applying the pivot selection technique. This can
also happen as a result of an improper initial guess, for ex-
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ample. To address this problem, we have implemented an
optional dogleg step (Powell, 1970) for the range space move.
With this implementation, the p,, step from Eq. 20 is trans-
formed to a hybrid step, which is the combination of a New-
ton direction and a steepest descent direction. Using the def-
inition of W, this step takes the form

po=(mpl+(1-n)Bp}? (42)
where
p==C7'¢, (43)
pii=—-CTe, (44)
Il psél?
B=—tcs (45)
ICpsll?

and 7 is defined such that x + p,, stays inside a given trust
region (see also Dennis and Schnabel, 1996). With these
equations, we can guarantee the uniqueness of the W space
move, even if C is ill-conditioned. It is clear that this tech-
nique can also be applied during the initialization of the
problem. If a feasible solution is required to initialize the
problem, a hybrid algorithm instead of a Newton algorithm
can be implemented to converge the discretized system of
equations for given values of the control variables and pa-
rameters. If a hybrid step is taken during the optimization,
the penalty parameter () of the line-search function must
be modified in order to apply the multiplier free version
(Schmid and Biegler, 1993) of the rSQP algorithm. Here, it
can be shown that a descent direction for

fx)+ plle(x )2 (46)
is obtained if

g+ ) Wolllella +3p llel13
nlle 3 + B(1—n)lpsli3

(47)

"

for some p' > 0 and where »’ are the multipliers calculated
from the bound constraints in the QP. Note that the /, norm
has to be used instead of the /; norm used in Schmid and
Biegler (1993).

Examples

We first demonstrate our approach on two small parame-
ter estimation problems and on three chemical engineering

examples that include continuous and batch reactive distilla-
tion columns, as well as a plug-flow reactor optimization. The
CPU times for all examples were obtained on an HP 777/110.,
The last three problems were initialized with a feasible solu-
tion, and the CPU time includes this computation.

Parameter estimation problems

This is a parameter estimation problem discussed in
Tanartkit and Biegler (1995), which was originally taken from
Bock (1983). This problem is formulated as an initial value
problem with two state variables and one parameter

min % (22,0(0) - 2:(6))’ (48)
i=1
s.t. %=7221-—(72+p2)sin(pt) (49)
dz,
e (50)
z,(0) =0; (0)=7 (5D

The solution to the ODE system is given by

T —

27-p (exp(rt) —exp(—71)) (52)

2

zi(t)=sin(pt)+

25(1) = peos(pt) + 2 (exp(rt) +exp(— 1)) (53)

and inspection of Egs. 52 and 53 shows that the error will
propagate exponentially as a function of #, T whenever p # 7.
As a result, the system is unstable and ill-conditioned.

We solve this problem as stated, without imposing final
boundary conditions. The state profiles are initialized to 0.1,
and the unknown parameter p is set to 2. With 7 set to 100,
we estimate the parameter given true values for z, corrupted
with random noise (o) at data points equal to the mesh
points.

This problem has only one degree of freedom. If we select
the parameter p as the independent variable, the matrix for
obtaining the Wp,, step becomes ill conditioned, resulting in
a very large step and leading to failure of the algorithm. In-
stead, if we select the basis with MA28 we obtain a well-
conditioned matrix by choosing one of the state variables at
the last element as the independent variable. As a result, the
problem has the stability properties of a BVP. The results are
reported in Table 1 for different numbers of elements and

Table 1. Results for Parameter Estimation Problem: 1 Parameter

Basis No. of Discr. o =001 o =010
Selection Elements Vars. Iter. CPU (s) Iter. CPU (s)

MA28 2 19 11 0.1 11 0.1

7 Independent 2 19 14 0.1 14 0.1
MA28 8 67 10 0.2 10 0.2

7 Independent 8 67 35 0.7 36 0.7
MA28 16 131 5 03 5 03

7 Independent 16 131 Failed Wp,, = 10E19 Failed Wp,, = 10E19
MA28 30 243 5 0.4 5 0.5

7 Independent 30 243 Failed Wp,, = 10E29 Failed Wp,, = 10E29
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Table 2. Results for Parameter Estimation Problem:
3 Parameters

%7

50 1 ,
] s
2 % P
j i Vg
B nlndependen’i K
o *
L -
& 20 .
L PR MA28

10 .

Y } — } + ;

0 5 10 15 20 25 30

Number of elements

Figure 3. Condition number for parameter estimation
problem.

values of the standard deviation o. The same results were
obtained by scaling the columns of the matrix before the ba-
sis selection with MA28.

We also studied the condition number of the C matrix, as
we increase the number of elements, using the LINPACK
subroutine DGECO. Setting p as the independent variable,
the condition number of the matrix grows exponentially. If
we select the basis with MA28, the condition number grows
only linearly, as shown in Figure 3.

Consider the following parameter estimation problem,
modified from Wright (1992) and also studied by Tanartkit
and Biegler (1996)

min ¥ (2, (i)~ 2,(i))°+ Zl(zz‘m(i)—zxi))z (54)
i=1 i=

dz, dzy dz, dz; dz
dt dr dt dt dt

=Alz, z, z;3 24 25]T+f(t) (55)

[2,0) 2:(0) 23(0) z,(0) z5(0)]" =1 1 11 1]7 (56)

No. of Discr. Basis CPU
ODEs o  Eq./Vars. Selection Tter. (s)
5 0.05 605/608 MAZ28 25 52
5 005 605608  Parameters Failed Wp, =10%
independent
5 0.1 605/608 MAZ28 30 57
5 0.1 605/608 Parameters  Failed Wp,, = 10%°
independent

This problem cannot be solved by setting the parameters
as independent variables, but if we select the basis with MA28,
with or without prior scaling, we are able to solve the prob-
lem formulated as an IVP. We used 30 elements and 3 collo-
cation points. The results are reported in Table 2.

Reactive distillation optimization

Reactive distillation is an attractive alternative to conven-
tional processing schemes. When reactions are equilibrium
limited, reactive distillation continuously removes products
from the reaction zone, which dramatically increases the
overall conversion. The technique may also increase selectiv-
ity in certain competing reaction systems by continuously sep-
arating products from reactants. Lastly, reactive distillation
may prove economically attractive by reducing the number of
processing units and providing direct heat integration be-
tween reaction and separation.

Most of the research in reactive distillation has focused
upon computing a single steady-state solution to the material
balances, but little work has been done with dynamic models,
especially in the dynamic optimization area. In this work, we
formulate and solve dynamic index one optimization prob-
lems for both batch and continuous reactive distillation
columns.

Batch Reactive Distillation. In the chemical industry, inter-

where est in batch process optimization has increased in the last
— W, cos(2wt) 0 w,+ ¥, sin(Qwt) 0 0
0 — ¥, cos (2w,t) w, + Vysin(Qoyt) 0
A=]| —w,+ ¥ sin(Qw,t) 0 W, cos (2wyt) 0 0 (57)
) —w,+ ¥,sin(2w,t) ¥, cos (2w,t) 0
0 0 0 v,

and f(¢) is chosen such that the solution of the ODE is
[21(1) 22(6) 23(1) 24(t) z5(D] =[e* ¢ e et e']" (58)

The objective is to estimate the parameters ¥, ¥, and ¥,
(¥* =(10)) given 30 measured data sets corrupted with ran-
dom noise (o) for z; and z,. The parameters are initialized
to 12, 120, and 1,200, respectively. This system is ill-condi-
tioned because of 3 unstable modes.
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years as low-volume, high-value chemicals are considered.
The main advantage of batch processes is their high flexibil-
ity. One important advantage of batch reactive distillation is
that equilibrium reactions can be carried out better by re-
moval of products. This characteristic is very attractive for
the production of esters or for hydrolysis, isomerization, chlo-
rination, and alkylation reactions. For these systems, it is also
important to consider optimal operating schemes, which al-
fows us to obtain the maximum conversion to the desired
products. While some work has been done in dynamic simu-
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fation of batch reactive distillation, little research has been
conducted in the optimization of these operations. As an ex-
ample for our approach, we first construct the index one DAE
model and then consider a batch separation for ethyl acetate.

The dynamic model is developed from the following equa-

tions. First, the molar holdup M, on tray  in the distillation

column can be expressed as {see Ruiz et al., 1995)
dM nr
‘dT‘F+I/1+|+Li—1‘Vi""L1+ZRz:n (59)

no=1

where V; and L, are the vapor and liquid flow rates, respec-
tively, F; is the feed flow rate, ar is the number of reactions,
and R, , is the difference between the rates of production
and consumption of each reaction n. The liquid flow rates
are obtained as a function of the molar holdups and the ge-
ometry of each tray. The expression for the liquid mole frac-
tion x of each component j is

dxi‘}
Mi‘—dTZF‘i(Zi.j-xt,/)
Vi+1()’i+1,,‘”xi./)+Li~1(xi—1,j_xi,j)
M, (60)
Xi‘jZRi.N_V;’(Yi,] :;)+ Z L —;—r
n=1

where p; is the molar density of the liquid mixture, z, ; is the
molar fraction of j in the feed, y, ; is the vapor mole frac-
tion, v, ,, is the stoichiometric coefﬁclent, and r, , is the rate
of production per volume unit. Here we assume a constant

pi-
The equilibrium between the vapor and liquid phases is
represented by
yi,/ =K, x

[

where
K; ;= f(T}) (61)

and the sum of the vapor fractions on each tray is required to
be equal to one

nec
Z yi=1 (62)
=1

The vapor rate is calculated at every tray from the energy
balance

dh!
Mld = h»l(hz#I

i

)+ Li-l(hf!l - hl)

nr M
=Vi(hi =)+ ¥ —r ,AHS (63)

n=1 Fi

_hf'ZRi.N

where #*(T}, x; ;,y, ;) and h(T, ;, x, ;) are the vapor and lig-
uid enthalpies, and AHX is the heat of reaction. However, if
the problem is formulated with Eq. 63, an index two problem
is obtained. This can be easily identified because the vapor

flow rate, which is an algebraic variable, does not appear in
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the algebraic Egs. 61-62. In order to reduce the index, we
can write (see Gear, 1988)

ﬁh{ dxl.j i i (64)
—+~__
jo1 90X dt ;

dh{ ne
dr

The derivative of the temperature can be obtained from Egs.
61 and 62 as

IERE

=1

dr,
— =0

S (le'/ ar, )dt
(65)

By combining Egs. 64 and 65, the terms in Eq. 63 can be
replaced by a more complex algebraic expression (Eq. 66),
leading to an index one DAE system

Vit = )+ L (B~ 1) = Vi~ )

nr

+ Y, —r, ,AHR|=RHS (66)
n=1 O; /
where

ne dx. .

Z K,-j i

RHS = 3 Ry dx ok Ty
_/:1“9)‘1',; dt ~7971‘ %x sy

=T,

and dx, ;/dt is obtained from Eq. 60.
In this example we consider the reversible reaction be-
tween acetic acid and ethanol (Wajge and Reklaitis, 1995)

CH,COOH + CH,CH,0H « CH,COOCH,CH, + H,0
(67)

The model consists of 12+ 5nt differential and 6+ 5nr alge-
braic equations, where nt is the number of trays. The col-
umn, in all cases, was fed with an equimolar mixture of
ethanol, acetic acid, ethyl acetate, and water.

First, we considered only the simulation of the column in
order to compare the performance of the new decomposition
strategy for obtaining the Wp, or Newton step. The model
simulates an hour of operation. During the first half hour,
the column is operated under total reflux. After this, the re-
flux ratio is set to a value of 3. We use two collocation points
and five elements. We perform the simulation for a variable
number of trays. In all cases the nonlinear solver converged
in 9 iterations. In Figure 4, we can see that the CPU time
grows only linearly, for the decomposition using MA28, but
grows almost cubically for COLDAE. This illustrates the ad-
vantage of the current approach over the previous applica-
tion.

Next, we consider the optimal control problem. Here, we
maximize the amount of distillate D produced within one
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Figure 4. Newton (range space) step calculation as a
function of number of DAES.

hour by manipulating the reflux ratio as a function of time, as
follows

max flf: ' Da (68)
0

s.t. DAEs (Egs. 59-62), (Eq. 66)
x5 > 0.4600

Here, the concentration of ethyl acetate in the final distillate
should be at least 0.46. We solved this problem for 8 and 15
trays. In both cases the reflux ratio is at its upper bound at
the beginning, and at its lower bound at the end, after ob-
taining the adequate composition of the distillate. Figure 5
shows this behavior while Figure 6 shows the mole fractions
for the 8 tray column. For the optimization we used 5 ele-
ments and 3 collocation points.

In Table 3 we report the CPU times for the 8 and 15 tray
columns. For these cases, if we select the discretized reflux
ratio (control variables) as independent variables we obtain
better performance than with MA28§ itself. But, if we scale
the columns of the system (MA28s) before selecting the basis
with MA28, we obtain the same results. In all cases the prob-
lem was initialized with a feasible point with a constant reflux
ratio of 20.

Continuous Reactive Distillation. In this system, water and
ethylene oxide react to produce ethylene glycol. A parallel
reaction takes place, producing diethylene glycol according to

— 0.5

100 +—-—, /.:2;.‘.’-‘-'7-'7'—: """ b
: e 4 a
g 80 1 ;’/.i > 04 g
2 60 e ‘I +03 0
5 ! -
= 40 4 | 4 0.2 g
= ! 018
00 14 1013

0 — asslss %

0 02 04 06 08 1

Figure 5. Reflux ratio for batch column.
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Figure 6. Condenser composition (8 trays).

C,H,0+H,0 - C,H,0, o
C,H,0+C,H,0, - C,H,,0, (69)

The column consists of ten trays, a total condenser and a
reboiler. Water is fed at tray one and the ethylene glycol is
fed from trays one to 6, as shown in Figure 7. The column
design was taken from Ciric and Gu (1994).

The DAE model consists of 50 differential and 20 alge-
braic equations. The basic equations are the same as in the
batch reactive column (Egs. 59-62 and Eq. 66), except that
now liquid density is a function of temperature. Both the re-
boiler and the condenser have negligible holdups, the column
is originally full of water, and at time zero the ethylene oxide
and the water are fed. The objective is to minimize the heat
required to start up the column. The control variable is the
fraction of the bottoms (a), which is recirculated to the re-
boiler. Also, the final time (tf) is treated as a parameter. The
final concentration of ethylene glycol at the bottoms is re-
quired to be 0.86 and the final control variable is required to
be 0.958, which are the design values. The optimization prob-
lem can be stated as

min [ 0 pdt (70)
70
s.t. DAEs (Eqgs. 59-62), (Eq. 66)
xEG = 0.8600
i
o, =0.9580
f

We solve the problem with 6 elements and 3 collocation
points. The bottoms composition of ethylene glycol and wa-

Table 3. Results Reactive Batch Column

No.of No.of Discr. Basis CPU
Trays DAEs  Eg./Vars. Selection Iter. (s)

8 98 1,788/1,798 MA28 29 105.8

8 98 1,788/1,798  Control vars. 19 88.4
independent

8 98 1,788/1,798 MA28s 19 89.1

15 168 3,048/3,058 MA28 46 3625

15 168 3,048/3,058  Control vars. 29 2154
independent

15 168 3,048/3,058 MAZ28s 29 216.2
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Figure 7. Continuous reactive distillation.

ter, as well as the profile for «, are shown in Figure 8. In
Figure 9 we also present the temperature and holdup profiles
for the last tray. The computational results are reported in
Table 4. In this case the algorithm was slower when we select
the basis using MA28 without scaling. However, the same re-
sults were obtained with scaling and choosing the controis as
independent.

Plug-flow reactor optimization

Optimization of plug-flow reactors is especially important
in the chemical industry. One example is the olefin produc-
tion industry, where various hydrocarbon feedstocks react in
a cracking furnace. The optimization of this kind of unit is of
special interest in order to increase profitability and product
quality. Some work has been done in this area using modular
approaches, but only recently have equation oriented meth-
ods been applied. This example is a challenging problem be-
cause of the presence of free radicals in the reactive schemes.
For this example, the reaction system includes six molecules,
three free radicals, and seven reactions as shown below

C,H(0 - 2CH;, -
CH, « +C,H, > CH, +C,H, -
He+C,H, - H,+C,H;+
C,H,» »C,H,+H-

C,H,+ +C,H, - C,H, +CH, »
2C,H, » - C,H,,

He+C,H, > C,Hy - (71)

The model also includes the heat balance and the pressure
drop equation (Chen et al., 1996). This gives a total of eleven
differential equations as follows:

The molar flow F for each component j along the dimen-
sion x of the reactor is given by

df, _ wd;

R.
dx 4 (72)
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Figure 8. Bottoms composition and control profiles.

d, is the tube diameter and R; is defined as

R,=Y vr, (73)

where v;; is the stoichiometric coefficient for component j in

reaction { and

r=k[1CH (74
j

Here, C; is the concentration of each component which is a
function of temperature, pressure and molecular weight of
the mixture, and %, is the reaction constant of reaction i,
which is a function of temperature. The temperature along
the reactor is given by

2

dT wd;
mdg(x)+ == Y. (=AH)r,| (75)

dx Y FCp,

where ¢ is the heat flux along the reactor, A H; is the heat of
reaction, and Cp; is the heat capacity of component j. The
change in molecular weight M,, can be expressed as

dr,;
df 1 ; dx
P [Xf] T (76)
4
460 6.0
440 - 1503
£ 4201 40 £
[~% - =N
§ oy SN
8+ L102$
360 t . : +—- 0.0
0 0.05 0.1 0.15 02
time (hr)
— ———Temp. Hold up
Figure 9. Last tray temperature and holdup.
AICHE Journal



Table 4. Results for Continuous Reactive Distillation

Table 5. PFR Results

No.of  No.of Discr. Basis CPU No. of Discr. Basis CPU
Trays DAEs  Eq./Vars. Selection Iter. (s) ODEs Eq./Vars. Selection Iter. (s)
10 70 1,618/1,631 MA28 © o 11 1,618/1,631 MA28 66 2825
10 70 1,618/1,631 MA28s 38 4272 11 1,618/1,631 MA28s 77 2873
10 70 1,618/1,631  Control vars. 38 4259 11 1,618/1,631 Control vars. Failed
independent independent

where G is the mass-flow rate. Finally, the pressure p, can be
obtained from

df 1 1 [{1dT [2f ¢
—— |t ===+ =+ —
dp, dx{ M, M | T dx d, mr,

Td; = 1 an

P
M, p, G*RT

where f, r, and ¢ are constants. The objective is to find an
optimal profile for the heat flux along the reactor in order to
maximize the production of ethylene

max Fg™ (78)
s.t. DAEs (Egs. 72-77)
T..<1,180K

exit =
The problem (Eq. 78) is solved using 15 elements and 3 collo-
cation points. Figure 10 shows the profiles of concentrations
of ethane, ethylene, and hydrogen radical, as well as the heat
flux profile. Note that the stiffness of the problem, due to the
sharp increase of the hydrogen radical (Chen et al., 1996) is
handled satisfactorily.

In this example, the optimization algorithm fails to con-
verge (line-search failure) at iteration 50 if the discretized
heat fluxes along the reactor (control variables) are chosen as
independent variables. On the other hand, if we let MA28
select the basis the algorithm converges after 66 iterations,
showing better stability. If we scale the system before select-
ing the basis with MA28 (MA28s), we obtain a similar result.
The computational results are reported in Table 5.

Conclusions

In this work we present an efficient and stable decomposi-
tion method for solving DAE optimization problems. Here,
orthogonal collocation is used within a sparse rSQP frame-
work in order to obtain the control profiles and the parame-

6 2500 ,
9 5 | N o
3 - 2000 g
E 4T | 1500 =
L 34 x
g bl 1000 2
3 1 N 500 B
“ : ; o =
0 2 6 8 10
Length m
_______ C2H4 ....... C2HB log(H2)+12 q
Figure 10. PFR profiles.
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ters given a fixed element placement. We have shown that
the sparse decomposition of the discretized system is more
efficient than in previous approaches. This new strategy also
allows us to detect unstable modes automatically by a simple
selection of pivots. The system is stabilized using the same
variables of the problem, and we suppressed the necessity of
imposing final conditions and adding dummy variables as in
Tanartkit and Biegler (1996).

We have solved two well-known unstable problems and
three chemical engineering examples. The first two were
solved efficiently with the same stability properties as a BVP.
We then consider two reactive distillation examples. These
examples are of relevance, as little work has been done in
the dynamic optimization of reactive distillation. Here, our
algorithm also performs well, solving these larger models in a
reasonable amount of time. The last problem deals with a
plug-flow reactor model, which involves free radicals. In this
problem, the algorithm performs well even when stiffness is
present and is capable of handling the small concentrations
of the free radicals (from 1072 to 10~ !? mol/s).

Two important aspects will be considered in the future.
One is the element placement and approximation error con-
trol. This aspect, discussed by Tanartkit and Biegler (1997),
can be implemented together with the fixed element problem
using a bilevel strategy. Here, the fixed mesh problem is
solved in an inner loop and the element placement and the
error control are adjusted in an outer loop. The present study
does not require any modification in order to deal with this
bilevel strategy, as our algorithm can be used in the inner
loop directly.

The second and most important aspect that we consider as
future work is the storage of the 4 matrix and the treatment
of the parameters. Our decomposition requires the storage of
A, which increases with the number of elements and DAEs.
To address larger problems with many finite elements, we
are developing an elemental decomposition, where we will
decompose separately each block of A, corresponding to a
particular element. In our algorithm, the selection of a pa-
rameter as dependent variable can cause considerable fill-in,
as it is present in all the elements. This problem can also be
solved using an elemental decomposition by adding a dummy
parameter for each element and adding the constraint that
all of them should be equal to the original one. This will be
the subject of a future study. Finally, we are also replacing
MA?28 with MA48, as it has shown to perform 15 to 30%
better on these kinds of problems.
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Notation

¢ = value of equality constraints at iteration k
f= objective function for discretized NLP
N(x)= n-m X m matrix from A(x)
t,= times at which point constraints are applied
V'=null space basis for A(x)
W= range space basis for A(x)

Greek letters

= scaling parameter in steepest descent step
7= stepsize in doglegged step

v=machine precision

p' = small positive value
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